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Abstract
Three objections to the canonical analytical treatment of covariant electromagnetic theory are
presented: (i) only half of Maxwell’s equations are present upon variation of the fundamental
Lagrangian; (ii) the trace of the canonical energy-momentum tensor is not equivalent to the trace
of the observed energy-momentum tensor; (iii) the Belinfante symmetrization procedure exists
separate from the analytical approach in order to obtain the known observed result. It is shown that
the analytical construction from Noether’s theorem is based on manipulations that were developed
to obtain the compact forms of the theory presented by Minkowski and Einstein; presentations
which were developed before the existence of Noether’s theorem. By reformulating the fundamental
Lagrangian, all of the objections are simultaneously relieved. Variation of the proposed Lagrangian
yields the complete set of Maxwell’s equations in the Euler-Lagrange equation of motion, and the
observed energy-momentum tensor directly follows from Noether’s theorem. Previously unavailable
symmetries and identities that follow naturally from this procedure are also discussed.
1
1. HISTORICAL CONTEXT
Electromagnetic theory was developed in large part due to the experimental conclusions
of Michael Faraday in the early 1830’s, followed by the mathematical reasoning of James
Clerk Maxwell in the 1850’s. Maxwell first presented his equations in components in 1861
[1], which are unlike what is presented in the modern day. The common form of Maxwell’s
equations were introduced by Heaviside in 1894, which concisely represents the laws as
divergences and curls of electric and magnetic field vectors [2]. Parallel developments during
the 19th century were occurring in the area of analytical mechanics introduced by Joseph-
Louis Lagrange. He showed how experimentally determined equations of motion could be
derived from the principle of least action.
An obvious curiosity followed; for an experimentally constructed theory like electromag-
netism, does an appropriate Lagrangian exist such that the calculus of variations will lead
to Maxwell’s equations as the equation of motion? The path to such goal was initiated by
Hermann Minkowski in 1908 [3]. In this paper, he noticed that Maxwell’s equation could
be represented as the divergence of two antisymmetric matrices whose components are that
of the electric and magnetic field. He also noticed that one these matrices can be multi-
plied together, and combined the trace of the fundamental Lagrangian L = −1
4
FλγF
λγ , to
recover the energy and momentum expressions of the theory. These expressions are the well
known energy-density 1
2
(E2+B2), Poynting’s vector ~E× ~B, and the Maxwell stress tensor [4].
Einstein, whose love for electrodynamics is well known, is responsible for the current form
of the covariant Maxwell’s equations, which is not so well known [5]. He decided the need for
the two fundamental matrices, now shown to transform as true tensors, is not the simplest
formulation of the covariant theory. Instead he proposed to drop the second tensor from
the formulation, since all of Maxwell’s equations could be expressed as the divergence, and
Bianchi identity, of the field strength tensor Fµν that is associated with the non-homogenous
Maxwell’s equations. Furthermore, the energy momentum tensor T µν could be expressed
using only this tensor and the trace of the Lagrangian composed of this tensor, as shown by
Minkowski.
2
This form of covariant electrodynamics that has held for a century now. Countless
publications have made use of this canonical formulation, and continue to do so in the
present day. Most standard electrodynamics textbooks such as Jackson [6] conclude with
this presentation, and in recent years it continues to be the subject of investigation, for
example in 2009 [7] and in 2016 [8]. It is absolutely satisfying in terms of results, as all of
Maxwell’s equations, and the energy-momentum expressions, can be expressed compactly
using the field strength tensor. The compact form does not, however, guarantee it as a
derivable theory of analytical mechanics.
Several inconsistencies can be found between the analytical formulation and traditional
formulation of electrodynamics. Traditionally, Maxwell’s equations can be represented as
a pair of wave equations in terms of the electric and magnetic fields [9]. In the analytical
approach, only a single wave equation (Gauss-Ampere) is present in the Euler-Lagrange
equation of motion. Analytically, the full symmetry of Maxwell’s equations are prohibited,
and the source wave equation is given priority. Why should the opinion of physicists deter-
mine which equation is obtained upon variation? This question is the basis for objection (i),
as explained in section 4.1. The remaining inconsistencies are related to Noether’s theorem.
In 1918, Emmy Noether proposed an extension of the Lagrangian equation of motion
in analytical mechanics, such that the previously discarded boundary term was in fact a
conservation law [10]. This conserved quantity is based on symmetry which is associated
to the theory, such as Lorentz symmetry. It is remarkable that variation of a fundamental
Lagrangian could lead directly to the equation of motion and conservation laws of a theory
by following strict rules of procedure. Conventional wisdom states that Noether’s theorem
derives electromagnetic theory from the fundamental Lagrangian L = −1
4
FλγF
λγ in its
entirety. This is not the case, as explained in section 4.2 (objection (ii)) and section 4.3
(objection (iii)).
The energy-momentum expressions in electromagnetism are the subject of ongoing in-
vestigation [11]. Electromagnetism from an analytical perspective is less established than
recent presentation would indicate [12]. The canonical energy-momentum tensor does not
directly give known results in electromagnetic theory. Objection (ii) explains how the
3
canonical energy-momentum tensor has a trace which is not equivalent to the observed
energy-momentum tensor. This objection arises in part due to two different presentations
of Noether’s theorem in the literature, described in section 3.1 and 3.2. Objection (iii)
describes how the symmetrization method exists independent of the analytical approach
in order to obtain the known energy-momentum tensor [13]. The current work provides a
solution to the three objections which allows for electromagnetism to be obtained directly
from Noether’s theorem.
2. THE CANONICAL EQUATIONS
Canonical equations of covariant electrodynamics will be presented with c = 1 and metric
signature (+,−,−,−). Maxwell’s equations in free space can be expressed as the Gauss-
Ampere law ~∇ · ~E = 0, ~∇ × ~B = ∂t ~E, and Gauss-Faraday law ~∇ · ~B = 0, ~∇ × ~E =
−∂t ~B. These equations can be solved for the components of the electric and magnetic
fields, ~E = (Ex, Ey, Ez) and ~B = (Bx, By, Bz), respectively. Einstein compactly defined
Maxwell’s equations [5] in terms of the divergence (Gauss-Ampere) and Bianchi identity
(Gauss-Faraday) of the field strength tensor Fµν = ∂µAν − ∂νAµ,
∂µF
µν = 0,
∂αFµν + ∂µFνα + ∂νFαµ = 0,
(1)
where Aν = (Φ, ~A) is the four-potential, of the electric scalar potential Φ, and magnetic
vector potential ~A. The covariant 4-divergence is given as ∂µ = (∂t, ∂x, ∂y, ∂z). The 6
independent components of this antisymmetric tensor are that of the electric and magnetic
field [6]. The symmetric energy-momentum tensor is given by,
T µν = F µαF ν α −
1
4
ηµνFλγF
λγ (2)
The components of this tensor are the energy density of the electromagnetic field, Poynt-
ing’s vector, and the Maxwell stress tensor, which were all well-established quantities be-
fore the covariant formulation was introduced. Differentiation can show on shell energy-
momentum conservation, and the force density of the Lorentz force. The covariant formu-
4
lation above, as developed by Minkowski [3] and Einstein [5], holds to this day.
3. ANALYTICAL TREATMENT OF CLASSICAL ELECTROMAGNETISM
It is of extreme importance to differentiate between two presentations of Noether’s the-
orem found in the literature. First is the presentation following from the principle of least
action δS = 0, for example in [14]. This method follows the procedure of Lagrange, to
minimize the variation of the action. Instead of neglecting the boundary term from this
method, it is treated as the divergence which correspondes to the conserved quantity. This
method correspondes to the first section of Noether’s paper. Only by manipulations of the
δL term such as in [14] is this trace subtracted. This subtraction is a desired property in
the canonical presentation of analytical electrodynamics, because it is required to obtain
the known result. It will be shown that this method can be of interest in constructing
electrodynamics analytically. This method is shown in section 3.1.
The second method often presented is that of invariant action leading to conservation
laws, taken from the second section of Noether’s paper. This method is more true to what
Noether was emphasizing in [10]. The principle of least action is not what is of interest;
instead it is required that two actions are equivalent (form invariant) under a coordinate
transformation. In this presentation (see [15]) the trace term arises more naturally in the
canonical energy-momentum tensor from consolidating the two actions under one coordinate
variable. This method is not as direct as the least action principle; it requires truncated
expansions of the coordinate variation and new definitions of potential variations. However,
it does provide a proper procedure for obtaining the trace substraction required in the
canonical analytical formulation of electrodynamics. This method is shown in section 3.2.
3.1. Electrodynamics from least action principle
From the principle of least action δS = 0, the variation of the Lagrangian function
must be minimized in order to obtain an equation of motion. The minimal variation of a
Lagrangian built from a vector potential and its derivatives is,
5
δL =
∂L
∂(Aα)
δAα +
∂L
∂(∂µAα)
∂µδAα +
∂L
∂(∂µ∂νAα)
∂µ∂νδAα + ... = 0. (3)
No second order or higher derivatives of potential are present in the Lagrangian of classical
electrodynamics so they can be neglected. Performing integration by parts yields,
δL = [
∂L
∂(Aα)
− ∂µ
∂L
∂(∂µAα)
]δAα + ∂µ[
∂L
∂(∂µAα)
δAα] = 0, (4)
where the first term forms the Euler-Lagrange equation, and the second term is the
boundary term which Lagrange discarded from the action. In order to analytically treat
electromagnetic theory, the fundamental electromagnetic Lagrangian L = −1
4
FλγF
λγ must
be varied in order to obtain an equation of motion. The boundary term, which yields the
canonical energy-momentum tensor, will not be discarded in Noether’s theorem. Variation
yields the equation of motion and conserved quantity,
∂µF
µν = 0,
∂µ[F
µνδAν ] = 0.
(5)
The equation of motion, ∂µF
µν , is only half of Maxwell’s equations (Gauss-Ampere law).
This is immediately obvious since this equation is a 4-vector, and 8 equations exist in the
complete set of Maxwell’s equations (equation 1). The Gauss-Faraday law exists separate of
the analytical approach. If only half of the equation of motion is following from variation,
can this formulation be considered theoretically complete? This is the basis for objection
(i), described in section 4.1.
Taking the variation of the potential under a Lorentz translation (xν → xν + δxν) to
be δAα = ∂
νAαδxν , and the variation of the Lagrangian under a Lorentz translation to be
δL = ∂µ(η
µνLδxν), the conserved quantity can be expressed as a second rank tensor by
removing the coordinate variation (which is taken to be a constant) from the expression. It
is important to note that the δL term is taken from the left hand side of the Lagrangian
variation in order to combine with the trace and obtain the energy-momentum tensor T µν
of Minkowski and Einstein,
6
δL = ∂µ[
∂L
∂(∂µAα)
δAα] = 0. (6)
This is the basis for the objection (ii), described in section 4.2. It is clear from equation
5 that the second term in equation 2 is not directly following from least action. This term is
created from the Lagrangian variation (equation 6). It is imposed similar to the Belinfante
procedure, in order to obtain known results in electrodynamics that existed before Noether’s
theorem. This is how the conserved quantity becomes the canonical energy-momentum
tensor,
∂µT
µν = ∂µ[F
µα∂νAα + η
µν
L] = 0. (7)
Based on the Lorentz translation symmetry, the electromagnetic Lagrangian gives rise to
the so called canonical energy-momentum tensor T µνC = F
µα∂νAα−
1
4
ηµνFλγF
λγ . This is not
in the form of the observed, symmetric expression presented by Minkowski and Einstein.
In 1940, Frederik Belinfante proposed a solution, by defining a symmetrization procedure
[16]. The canonical energy-momentum tensor combined with the Belinfante correction term
∂αb
µνα = −F µα∂αA
ν yielded the expression of Einstein (equation 2). Basically, Belinfante
used the fact that any tensor can be expressed as the combination of symmetric and an-
tisymmetric parts to determine what was missing from the symmetric form. After the
correction was made, this formulation of electromagnetic theory has remained untouched
until present day.
3.2. Electrodynamics from invariant actions
The second common presentation is that of invariant actions, where two actions are said
to be form invariant under a coordinate transformation. In this case the action as a function
of the potential is equivalent to the same action as a function of the transformed potential,
S(Aµ) = S(Aˆµ). Requiring form invariance leads to the following condition in the action,
∂xˆα
∂xα
L(Aˆµ)− L(Aµ) = 0. (8)
Taking the truncated expansion of the coordinate variation (first order approximation),
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the first term can be expressed as ∂xˆα
∂xα
≈ 1 + ∂α(δxα). Such requirements take away from
the absolute purity of the least action procedure. Here the variation of the Lagrangian is
not imposed, rather it is defined as a consequence of the equality δL = L(Aˆµ) − L(Aµ).
Therefore the form invariance requirement can be expressed as,
δL+ L(Aˆµ)[∂
α(δxα)] = 0, (9)
which can also be expressed as δL + ∂α[L(Aˆµ)δxα] − [∂
αL(Aˆµ)]δxα = 0. The second
(divergence) term is the origin of the trace subtraction in the canonical energy-momentum
tensor. Consolidating the first and third terms under a change of variables (noted as bar
δ¯Aβ = Aˆµ − Aµ) yields the conserved quantities,
∂α[
∂L
∂(∂αAβ)
δ¯Aβ ] + ∂
α[L(Aˆµ)δxα] = 0. (10)
Here the divergence expression from equation 6 follows from the variation of the La-
grangian, and a term which can be expressed as the trace subtraction is also present. Both
the least action principle, and invariant action requirement have been tailored to obtain
the same canonical energy-momentum tensor used to construct electrodynamics. It will
be shown in section 5 that regardless of the approach, the proposed reformulation recovers
completely the equations of electrodynamics. In both approaches, the Belinfante procedure
is required to obtain the energy-momentum tensor.
The fact that the Belinfante procedure exists separately from variational methods is the
basis for objection (iii), described in section 4.3. The fundamental Lagrangian is not directly
yielding the observed energy-momentum tensor in Noether’s theorem. In order to make this
be the case, the Belinfante procedure adds a term to what is following from Noether’s
theorem. This is an ad-hoc addition in order to obtain known results. Furthermore, the
name ’symmetrization procedure’ is misleading. There is no evidence that symmetry is a
fundamental property of the energy-momentum tensor, symmetrization just coincidentally
yields the form presented by Minkowski and Einstein.
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4. OBJECTIONS TO THE CANONICAL TREATMENT
4.1. Only half of Maxwell’s equations follow directly from variation of the funda-
mental Lagrangian L = −1
4
FλγF
λγ
This objection, perhaps most obvious, is one that is held by weak arguments in typical
textbook and literature presentation [6] [17]. Since only half of Maxwell’s equations follow
from Noether’s theorem, the other half must exist separately from the analytical approach.
Analytical methods are not held in such high regards in all circles, and most are satisfied
simply with the compact form of covariant electromagnetism, as was Einstein. Even though
it is obvious only half of the equations are present in the Euler-Lagrange equation, perhaps
due to tradition and the name of Einstein, the Bianchi identity existing independent of
variational methods has been considered to be sufficient. It is important to realize that the
current covariant equations were developed before Noether’s theorem. Analytically obtain-
ing electromagnetic theory from Noether’s theorem has been based strictly on obtaining the
covariant equations of Minkowski and Einstein.
While the fact that the Euler-Lagrange equation does not yield the complete set of
equations from the fundamental Lagrangian L = −1
4
FλγF
λγ should be suspicious enough
to some, a more compelling argument is the concept of bias. The opinion of a theoretical
physicist should not enter the determination of a theory. Here, the Gauss-Ampere law is
given preferential treatment due to the existence of electric charge. Other than this, there
is no logical reasoning for the preferential treatment. Maxwell’s Gauss-Ampere and Gauss-
Faraday laws are absolutely equivalent in free space. The canonical field strength Fµν is
simply which was chosen by Einstein to represent the theory in compact form.
Just as easily, the field strength representing the Gauss-Faraday law, as defined by
Minkowski, could be used to build the entire theory. Minkowski called this the dual field
strength Fµν , and it is well known to give the second half of Maxwell’s equations, independent
of analytical methods. If electromagnetism is built analytically from the dual perspective
Lagrangian L = −1
4
FλγF
λγ, the Gauss-Faraday law ∂µF
µν = 0 will exist in the equation
of motion, and Gauss-Ampere law as the Bianchi identity ∂αFµν + ∂µFνα + ∂νFαµ = 0.
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Energy-momentum tensor T µν = FµαFν α −
1
4
ηµνFλγF
λγ is exactly the observed tensor
given in equation 2. The entire theory is present in compact form. Why should the con-
vention of theoretical physicists determine a fundamental Lagrangian? More importantly,
why should we be satisfied by a Lagrangian which does not yield a complete theory upon
variation? This bias will be central to the development of this work, as well as the concept
of duality and invariant Lagrangian construction.
4.2. The trace of the conserved quantity is not what is observed
The second objection is related to the feature noticed by Minkowski and Einstein that
contraction of the field strength tensor to form a symmetric second rank tensor F µαF ν α
differs from the observed energy-momentum tensor (equation 2) by only the trace. What
they noticed is that by combining the fundamental Lagrangian L = −1
4
FλγF
λγ with the
trace of this combination, the observed energy-momentum tensor developed by Minkowski
could be obtained. This is why the canonical energy-momentum expression in equation 7
includes the second term. It is only included to obtain the known result of Minkowski,
who died before Noether’s theorem was developed. Once again, this energy-momentum
tensor was introduced as a compact, covariant notation. It was introduced before Noether’s
theorem was developed.
Section 3.1. and 3.2. describe two approaches commonly presented as Noether’s theorem
which are in fact quite different. The first uses the traditional least action principle δS = 0.
As seen in equation 7, the energy-momentum expression does not follow directly from
Noether’s theorem. Since no subtraction of trace exists in the conserved quantity (equation
5), the variation expression δL was manipulated in order to obtain this term. An explicit
account of this process is given in [14]. In fact, is not true to the least action principle, since
this term is identically zero (equation 4). It is argued that δL = ∂µ(η
µνLδxν), in order to
pull this term across and into the conserved quantity. There is no physical or mathematical
reasoning to do this, other that it can be used to obtain the known result. Acceptance of
this process is based entirely on correctly obtaining the energy-momentum tensor in the
form of Minkowski and Einstein.
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The second approach requires two actions under a coordinate transformation to be form
invariant. In this approach two divergence terms can be obtained: one which is the di-
vergence as in the least action principle, and another which can be expressed as the trace
subtraction. This method requires change of variables and approximations which take away
from the exact nature of the least action principle, however can give a more mathematical
procedure if one desires the trace subtraction term. It is shown in section 5 that regard-
less of which method is chosen, the reformulation will lead uniquely to the equations of
electrodynamics.
4.3. The Belinfante symmetrization procedure of the canonical energy-momentum
tensor
The third and final objection is another manipulation of the canonical energy-momentum
tensor T µνC . Although this procedure yields the desired result for electromagnetism, it exists
completely separate of variational methods, and is only accepted because it manipulates
the variational result into the known T µν expression of Minkowski and Einstein. Since the
observed energy-momentum expression does not follow from Noether, this addition is nec-
essary to obtain the desired result. The procedure cares only about the symmetrization of
an arbitrary tensor by adding a correction term ∂αb
µνα = −F µα∂αA
ν , which has no physical
connection. The fact that symmetrizing Noether’s conserved quantity leads to the observed
energy-momentum tensor is a coincidence. The Belinfante procedure is simply a way for
making an arbitrary tensor symmetric. Such manipulation can in no way be considered
fundamental to analytical mechanics. Unfortunately, this is often presented as some natural
step in the derivation of electromagnetic theory from analytical approaches, and few in-
stances can be found where serious discussion has taken place. In 1980, a more theoretically
sound potential variation was introduced by considering the potential transformation un-
der both Lorentz and gauge symmetries by Eriksen and Leinhaas [18]. A clear presentation
is given in the classical field theory book of Burgess [19], which will be discussed in section 5.
One can raise the question after reading these objections, if there are problems with the
equation of motion, and the conservation law, is anything following naturally from Noether’s
theorem in electromagnetic theory? Furthermore, if the complete set of Maxwell’s equations
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are not present in the equation of motion, how can the incomplete theory be expected to
yield the full energy-momentum tensor in the first place? After all, the energy-momentum
tensor was originally found from the complete set of equations. Perhaps the problem behind
these objections is one in the same.
5. THE SOLUTION TO THE OBJECTIONS
The purpose of this work is not only to address the objections to the canonical treatment
of covariant electrodynamics, but to offer a solution that is superior to current formulation.
The solution lies at the construction of the Lagrangian itself. As described in section 3, the
choice of field strength is rather arbitrary, and the theory can be equivalently expressed in
term of the dual field strength of Minkowski [3]. This dual field strength Fµν is again defined
in terms of the field strength Fµν via contraction of the Levi-Civita tensor Fµν = ǫµναβF
αβ
[6] [7]. This relation is not advantageous, as it continues to prioritize half of Maxwell’s
equations defined by Fµν , and cannot be used in a fundamental Lagrangian because it is
not invariant under a parity transformation.
Another option remains, which is to define the Gauss-Faraday law with dual field strength
Fµν = ∂µAν − ∂νAµ under its own (dual) vector potential A
ν = (ΦB, ~AE). Here the time
component corresponds to an magnetic scalar potential ΦB, and the space components
to an electric vector potential ~AE , which are introduced to the Gauss-Ampere equations.
Introducing a second fundamental vector potential may seem like a step in the wrong direc-
tion, but this was the original formulation of Minkowski, only removed by Einstein due to
a perceived simplification of the compact form. Minkowski treated these like independent
quantites. It is clear that this is a natural way of obtaining all 8 of Maxwell’s equations,
since the single 4-vector will only yield 4 equations upon varition. Allowing for variation of
a second 4-dimensional vector potential results in an additional 4 equations in the Euler-
Lagrange expression, which is identically half of Maxwell’s equations.
Under the invariant FλγF
λγ, electromagnetic theory can be entirely represented in the
opposite situation to the traditional approach, where the Euler-Lagrange equation is the
Gauss-Faraday law ∂λF
λγ, and the Bianchi identity recovers the Gauss-Ampere law. The
12
energy-momentum tensor T µν = FµαFν α−
1
4
ηµνFλγF
λγ can also be recovered from manipu-
lation and the Belinfante procedure. Fundamental Lagrangian L = −1
4
FλγF
λγ is clearly not
special in this regard. It is curious to wonder how to select which is truly more fundamental.
Electromagnetic theory does not follow without manipulation in either individual situation.
After lengthy consideration, it became clear that both invariants must be included to avoid
bias, and recover the entire theory without manipulations. For the following calculations it
is useful to work with the field strength tensors explicitly in terms of the components of the
electric and magnetic fields,
Fµν =


0 Ex Ey Ez
−Ex 0 −Bz By
−Ey Bz 0 −Bx
−Ez −By Bx 0


, Fµν =


0 Bx By Bz
−Bx 0 Ez −Ey
−By −Ez 0 Ex
−Bz Ey −Ex 0


. (11)
It is noted that other possible scalars FλγF
λγ = FλγF
λγ were seriously considered.
However, they simulatenously destroy the symmetry of the equation of motion, energy-
momentum tensor, conservation identities, and do not appear to be fundamentally signif-
icant from an analytical approach. This is related to the fact that under the Levi-Civita
dual treatment, this combination is only a pseudoscalar, thus cannot be part of a Lorentz
invariant field theory.
Natural progression of logic leads to the desire for a fundamental Lagrangian such that
the theory is directly following from Noether’s theorem. With several available objections to
the previous treatment, attributing these problems individually to the variational method
itself is extremely unlikely. By defining a Lagrangian that is a combination of these,
L = −
1
4
[FλγF
λγ + FλγF
λγ], (12)
all objections can simultaneously be erased. The beauty of this approach is hard to deny,
and it is proposed as the fundamental Lagrangian to electromagnetic theory. Performing
variation with respect to both potentials yields,
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δL = [∂µF
µν ]δAν + [∂µF
µν ]δAν + ∂µ[−F
µαδAα −F
µαδAα]. (13)
It is clear that this method produces the entire set of Maxwell’s equations in the Euler-
Lagrange equations of motion, without the need for bias or preferential treatment. Objection
4.1 is relieved, with Gauss-Ampere law ∂µF
µν = 0 and Gauss-Faraday law ∂µF
µν = 0. The
Biachi identity can even be implemented here if the equations are again desired in terms of
one of the field strength tensors.
This Lagrangian also has a unique property that L = B2−E2−B2 +E2 = 0. Therefore
in the trace subtraction term of the canonical energy-momentum tensor where L exists
separately (equation 7 and equation 10), this term independently vanishes. Due to this
property, using the method of least action principle or invariant action will lead to the same
result. This indicates that both Noether presentations of section 3.1 and 3.2 are compatable
for very specific Lagrangians.
The proper variation of the electromagnetic potential vectors was well defined by Erik-
sen and Leinhaas [18] [19]. It was shown that gauge invariant potential variation naturally
follows under the simultaneous consideration of both Lorentz and gauge symmetries of elec-
trodynamic theory. This work has gone relatively unnoticed, but answered two physical
questions about potential variation as required for the symmetry of Noether’s theorem,
δAα = A
′
α −Aα = δxνF
ν
α,
δAα = A
′
α −Aα = δxνF
ν
α.
(14)
First, it showed that the potential difference, which is observable, is indeed gauge in-
variant. Second, it can be used to recover known expressions for potential differences (i.e.
voltages), such as δx2F
2
1
= dxEx = V
′ − V = ∆V . It is well known that gauge symme-
tries inherent to electrodynamics. Why should potential variation therefore only depend
on Lorentz symmetries? The dramatic improvement of the analytical approach from this
variation warrants a serious rethinking of classical potential variation. This result is the true
solution to the Belinfante problem, so the original authors Eriksen and Leinhaas deserve
credit where it is due.
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The true beauty of the reformulation, however, is the fact that the energy-momentum
tensor is,
T µν =
1
2
(F µαF ν α + F
µα
F
ν
α) =


−
1
2
(E2 +B2) −Sx −Sy −Sz
−Sx σxx σxy σxz
−Sy σyx σyy σyz
−Sz σzx σzy σzz


, (15)
which is exactly equivalent to the well known energy-momentum tensor presented by
Minkowski and Einstein in equation 2, where ~S is Poynting’s vector, and components
σij form the Maxwell stress-tensor. This energy-momentum tensor is identical to that of
Minkowski in equation 2, without the need for ad-hoc additions to the analytical approach.
Instead of creating a term to subtract from the trace, the combination of the dual field
strength serves a similar purpose. This is because these two contractions (field strength and
dual) only differ on the trace. While the tensors that build this energy-momentum tensor
are different than the traditional approach, all energy-momentum laws in electrodynamic
theory are again present in the exact same form. Therefore objection 4.2 and objection 4.3
have also been relieved.
The equations of motion can then be used to show on shell conservation ∂µT
µν = 0. What
is interesting is that in this approach the Bianchi identity is not required, as this information
is present in the dual formulation. Instead, a useful identity F µα[∂µFωα] + F
µα[∂µFωα] = 0
can be found by breaking the remaining terms into components. The perfect combination of
these components is not obvious, as the equations of motion exist only through the mixing
of these two terms. Mixing of terms in this identity highlights the symmetric nature of
electrodynamics that naturally follows from the proposed Lagrangian.
Furthermore, under Lorentz rotation δAα = ωλγX
γF λα, the angular momentum tensor
Mµνλ = T µνXλ−T µλXν [6] directly follows from the conserved quantity ωλν∂µ[−F
µαXνF λα+
F µαXλF ν α − F
µαXνFλ α + F
µαXλFν α] in Noether’s theorem. The fact that the entire
theory follows from the reformulation is evidence enough to consider its validity. Above
this, the previous objections are no longer an issue, and Maxwell’s theory of electromagnetic
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fields can follow directly from analytical mechanics, without the need for manipulations to
obtain known results.
6. CHARGE, CURRENT AND LORENTZ FORCE
The introduction of charge and current to the reformulation highlights a major benefit
of considering the proposed Lagrangian to be fundamental. In the prior treatment, the
coupled AαJ
α = AαJ
α
E electric monopole term yielded the source for the Gauss-Ampere
wave equation. This method is not entirely symmetric because it restricts the possibility of
a magnetic charge and current density for the source of the Gauss-Faraday equations, which
exist separate of variational methods. Such restrictions do not exist to the equations in
their divergence and curl forms. The coupling of charge and current densities can introduce
a source to the appropriate equations, AαJ
α
E and AαJ
α
B, yielding equations of motion,
∂µF
µν = JνE ,
∂µF
µν = JνB,
(16)
where JµB is introduced in presence of magnetic monopoles. The aforementioned conser-
vation identity becomes, under the presence of charge and current,
F µα[∂µFωα] + F
µα[∂µFωα] = FωαJ
α
E + FωαJ
α
B. (17)
These terms are not independently equivalent, they follow from the mixing of the terms
when expressed in components. In the canonical theory with no magnetic monopoles, this
identically recovers the force density f ν = −∂µT
µν = ηνβFβαJ
α
E, which can be used to
recover the Lorentz force. Analytically treating the proposed Lagrangian is truly symmetric
and all encompassing of electromagnetic theory.
A note should be made regarding the Lorentz force. This law is expressed in terms of the
field strength tensor in the presence of electric monopoles. By introducing the independent
dual to the Lagrangian approach, this tensor is also fundamental and allows for the definition
of a second Lorentz force, which is required in the presence of magnetic monopoles. Both
force densities are recovered by differentiation of the field strength tensor. The Lorentz force
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is a vital component of the analytical approach, as it should be. By allowing the reformula-
tion, all aspects of electromagnetic field theory are explicitly following from variation of the
Lagrangian. Reformulation allows for a much more symmetric presentation of electromag-
netic theory from analytical methods, without the need for manipulation to obtain known
results.
7. CONCLUSIONS
Three major holes in the canonical presentation of covariant electrodynamics are pre-
sented with respect to the analytical treatment. First, only half of Maxwell’s equations
are present in the analytical treatment of electrodynamics. Second, the canonical energy-
momentum tensor has a trace which is not equal to the observed energy-momentum tensor,
the second term in equation 2 is created to obtain the known result of Minkowski. Part of
this confusion arose from Noether’s theorem being presented in two ways: by the princple
of least action, and by the requirement of invariant action. Third, the Belinfante sym-
metrization procedure adds a term to convert the canonical energy-momentum tensor into
the observed form. It is shown how these objections prevent the exact theory to be obtained
from Noether’s theorem. The reason for this long standing problem going unnoticed is
because Einstein formulated covariant electrodynamics in a correct compact way, in terms
of a single field strength. This was before Noether’s theorem. Afterwards, physicists such
as Belinfante manipulated the fundamental Lagrangian L = −1
4
FλγF
λγ into obtaining co-
variant equations of Minkowski and Einstein from Noether’s theorem, instead of asking
questions about the impurity of the procedure. Since the early 1940s, these methods have
been copied from textbook to textbook and in the literature without question.
After questioning the holes of the canonical treatment, the appropriate reformulation
of the fundamental Lagrangian is proposed as L = −1
4
[FλγF
λγ + FλγF
λγ]. The dual field
strength Fµν of Minkowski was introduced, not from Levi-Civita contraction Fµν = ǫµναβF
αβ
as often discussed, but from an indepedent dual potential vector Aα. This allows for the
inclusion of FλγF
λγ as a fundamental invariant. Einstein moved away from this formulation
by defining everything in terms of Fµν , however it has been shown to be the natural solution
to the three objections.
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The proposed formulation returns covariant electrodynamics to a more similar presenta-
tion that was originally introduced by Minkowski. Two field strength tensors are required
to represent the full set of Maxwell’s equations. Since the symmetry of Maxwell’s equations
allow for Einstein’s formulation in terms of either the field strength tensor Fµν , or the dual
field strength Fµν tensor, there is no longer the need to select one of these for analytical
electrodynamics. Preferential selection of one of these tensors should not be subject to the
opinion of physicists. By defining a Lagrangian in terms of both tensors, both invariants
are included in the theory, and the observable equations naturally follow without need for
bias. One additional strength of this method is that the equations of electrodynamics follow
from both the least action principle, and the requirement of invariant action. Resulting
from the reformulation is a truly symmetric presentation of electromagnetic theory obtained
from analytical mechanics. It has been made clear that compact notation of experimentally
verified theories should not be considered as fundamentally sound. Only when these theories
can both be experimentally determined, and derived from strict rules of procedure such as
those presented by Lagrange and Noether, should they be considered truly significant.
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